We discuss the perturbative decay of the energy density of the inflaton field ρ φ and the corresponding creation of the energy density of the relativistic fields ρr at the end of inflation, in the perfect fluid description, refining some concepts and providing some new computations. In particular, we stress how the process is characterized by two fundamental time scales. The first one, tmax, occurs when the energy density ρr reaches its largest value, slightly after the beginning of the reheating phase. The second one, t reh , is the time in which the reheating is completely realized and the thermalization is attained. By assuming a non-instantaneous reheating phase, we are able to derive the energy densities and the temperatures of the produced relativistic bath at tmax and t reh , as well as the value of the corresponding horizon entropy S hor .
I. INTRODUCTION
The inflationary mechanism [1] [2] [3] [4] [5] [6] offers an elegant way to solve the old puzzles of the Big Bang cosmology, i.e. the flatness problem, the horizon problem and the monopoles problem, providing at the same time an elegant explanation of the origin of primordial metric fluctuations, that lead to the matter inhomogeneities responsible for the large scale structures and to the cosmic microwave background (CMB) anisotropies. Moreover, inflation is also important because it provides a valuable creation process for matter and radiation currently observed in the Universe. This process is often known as the reheating scenario. In the simplest case, reheating is realized through the introduction of a simple slowrolling scalar field [6] , the inflaton, that after exploring an almost flat region of the corresponding effective potential falls towards the minimum, oscillates around it and decays giving rise to the Standard Model degrees of freedom. The matter creation process can be driven by perturbative [7] [8] [9] [10] and non-perturbative [11] [12] [13] [14] [15] [16] [17] [18] mechanisms and can be constrained using many different approaches [19] [20] [21] [22] [23] [24] . Although the whole creation process could be very complicated, one can always simplify the picture by using a perfect fluid effective description to model the perturbative decreasing of the energy density stored in the inflaton field and the corresponding increasing of the energy density of the resulting fields leading to the radiation-dominated Universe. In this paper, we use a very standard setting to derive the dependence of the energy densities from the physical parameters at the peak and at the end of the reheating phase. The paper is organised as follows. In Section II, we summarize the general properties of the inflationary dynamics in the perfect fluid approximation, introducing the energy densities and addressing the Cauchy problem related to the relativistic matter production during the reheating phase. In Section III, we get the standard approximate solutions of the problem and we outline the difference * alessandro.di.marco@roma2.infn.it between the top energy scale reached by the relativistic Standard Model particles and the energy scale at the end of the reheating process, when the inflaton disappears from the cosmological particle spectrum. In Section IV, we discuss the involved entropy and in Section V, we finally generalize the process to the case of a generic fluid with an equation-of-state parameter varying in the range −1/3 < w < 1/3. In this manuscript, we use the particle natural units = c = 1 and M 2 p = 1/8πG will be the (squared of) the reduced Planck mass.
II. THE CAUCHY PROBLEM FOR INFLATON AND RADIATION ENERGY DENSITIES
In the simplest version of the inflationary scenario, the early Universe should have undergone a phase driven by a neutral scalar field minimally coupled to gravity. The related action can be written in the form
using for the space-time a FLRW background metric
where t is the cosmic time, (r, θ, ϕ) are the comoving coordinates and a(t) is the dimensionless cosmic scale factor. The scalar field, the inflaton, is expected to be a weakly self-coupled field equipped with an effective (inflationary) potential V (φ), characterized by the almost flat slow-roll region that plays the role of a false vacuum, and by a fundamental (true) vacuum state. The Einstein equations related to the scalar matter result into the Friedmann equation
where H =ȧ/a is the Hubble rate. From the energymomentum tensor of the scalar field, in analogy with a perfect fluid, one may introduce the energy density ρ φ and the pressure p φ of the inflaton field as
while the equation of motion is given bÿ
The inflationary mechanism begins as the inflaton field explores the almost flat region of the scalar potential
inf . In this phase, the potential term is dominant over the kinetic energy. The inflationary phase ends once the inflaton field "travels a distance" ∆φ [25] to reach the edge of the almost flat region, at some φ = φ end , where the slow roll conditions start to be violated. The emerging Universe is cold, with energy densities of the existing fields as well as the pre-inflationary entropy suppressed by the almost de Sitter-like expansion. The inflaton rolls down a potential becoming steeper, so that the kinetic energy density, no-longer negligible, gradually becomes an important contribution to the field energy density ρ φ . As a consequence, the inflaton falls around the minimum (the vacuum state), acquires a mass m 2 = V ′′ (φ 0 ) and starts to oscillate with a frequency ω = m, naturally larger than the Hubble rate H, m ≫ H. Therefore, the period of an oscillation cycle, t φ , is much shorter than an Hubble time scale t φ ∼ m −1 ≪ H −1 . The system can be interpreted as a condensate of a large number of heavy scalar particles of mass m and zero momentum (in the simplest description with a particle density n φ = ρ φ /m) that decay, after few oscillations, into relativistic matter. Although the expansion of the Universe induces a damping in the scalar field oscillations, the coupling of the inflaton to the particles of (an extension of) the Standard Model (SM) can still make the decay very efficient and much larger than opposite effects. The creation process giving rise to ultra-relativistic particles can be quick or slow and, more importantly, it can proceed both via perturbative mechanisms driven by the decay rate of the interaction [7] [8] [9] [10] , and/or via non-perturbative mechanisms, by parametric amplification (see [11] [12] [13] [14] [15] for some important historical contributions and [16] [17] [18] for comprehensive reviews). Thermalization due to scattering among the produced particles determines the end of reheating and the beginning of the radiation dominance (RD) epoch of Standard Big Bang Cosmology, say at t reh . A simple way to model the quantum particle production in the reheating phase can be introduced by an additional friction term in the equation of motion of the inflaton field and by a related numerical integration [7] . However, we can get an idea about how the total energy density ρ φ carried by the inflaton field is converted into the energy density ρ r of the radiation products thanks to the perfect fluid formalism. To this end, we follow a prescription due to Turner in [10] . In an "average" description of the dynamics, a proper modified version of the equation of motion of the inflaton field is
where the constant Γ is mimicking the decay rate of the inflaton field related to the energy transfer of the scalar boson to the SM particles. By multiplying the equation forφ, using Eqs. (4) and averaging over an oscillation period one finds
The Hubble rate and the decay rate can be taken to be almost constant during the short oscillation cycle t φ and can be factorized from the average. In addition, since ρ φ and p φ are periodic functions, one can define the average of their sum as
where the parameter γ is naturally defined as
Omitting from now on the brackets, the equation for the evolution of the (average) energy density takes the final formρ
The last step consists into specifying the form of the parameter γ. In principle, it is given by
However, this form of the parameter is quite difficult to handle because it involves an integrand that simultaneously depends on time and on the field values. Anyway, it is possible to show that it can be written as [10] γ = 2
where
and
being V max the potential energy related to the maximum value of the oscillation of the field φ. The parameter γ depends on the form of the potential around the minimum. For instance, by considering the simple case based on a static inflaton potential of the form V (φ) ∼ φ n , the parameter γ can be expressed as the ratio
where β is the Euler beta function. Consequently, we have
and the mean value of the equation-of-state (EoS) parameter
Moreover, the inflaton potential can be expanded around the minimum as
in the assumption V (φ 0 ) = 0 to avoid a pure cosmological constant contribution. Close to the minimum the parabolic term is dominant giving back γ = 1 and consequently w = 0. The evolution of the inflaton energy density is so given bẏ
namely the familiar equation of a perfect pressure-less fluid (non relativistic matter) with a non zero, negative source term −Γρ φ responsible for the decay of the inflaton in other particles. Eq. (19) can be rewritten in the form
that shows how the mean energy density (per comoving volume) a 3 ρ φ is a monotonically decreasing function, being its time variation always negative. As a consequence, also the number density, proportional to ρ φ , obeys the same equation
and results exponentially decreasing in time with Γ as well. In other words, the effective description concerns a physical system where the number density of oscillating particles at zero momentum monotonically decreases with time and vanishes at the end of reheating. The relativistic matter produced by the decay process, on the other hand, can be described in terms of the perfect fluid equation of the usual forṁ
sourced exactly by the Γρ φ term. Therefore, the physics of the reheating dynamics is described by the following Cauchy problem
As mentioned before, t end refers to the end of inflation and coincides with the beginning of the oscillation phase, as well as the quantities a end and H end correspond, respectively, to the scale factor and the Hubble rate at the end of inflation. It is evident from Eq. (23) that the initial conditions for the inflaton energy density at the beginning of the oscillation phase are given in terms of the field value φ end = φ(t end ). Since we are assuming that the radiation background is completely determined by the decay of the inflaton energy density for t > t end , ρ r must be zero at the beginning of the inflaton decay.
III. SOLUTION OF THE CAUCHY PROBLEM
The Cauchy problem for the evolution of the energy densities at the end of the inflationary epoch is given, as shown in the previous section, by the coupled differential equations in Eq. (23) . The solution of the first equation is given by
By substituting it in the second equation and using the initial condition one finds [27]
Some comments are in order: if Γ = 0, of course, there is not interaction with the SM particles and the energy density scales as for standard relativistic matter. Consequently, the inflaton field simply dilutes and the reheating phase does not occur. The introduction of the decay width Γ, as expected, provides an interesting dynamics that depends on the ratio between the magnitude of Γ itself and the value of the Hubble rate at the beginning of the oscillation phase
as can be argued from the exponent of ρ φ in Eq. (24) by roughly assuming t end ∼ H −1 end . If Γ ∼ H end immediately after the end of inflation, so that Γt 1, the energy density of the oscillations in Eq. (24) is strongly suppressed and the inflaton rapidly decays into radiation. In this case, reheating is an almost instantaneous process occurring at t reh ∼ t end and characterized by very efficient energy conversion and thermalization processes. Then, ρ r (t) collapses very rapidly to ρ r (t end ) ∼ ρ(φ end ). Using Eq.(3), one gets
For relativistic matter, the energy density depends on the temperature T as
where g E indicates the effective number of relativistic degrees of freedom,
b and f label bosonic and fermionic contributions, respectively. With g E ∼ 100, Eqs. (27) and (28) give rise to a reheating temperature
and subsequently, radiation will dilute as a −4 . A more interesting situation occurs if Γ ≪ H end (so k ≪ 1) immediately after inflation. In this case the energy density scales like a −3 and the energy density budget of the whole Universe is dominated by the inflaton oscillations for a long time. As a consequence, an extended reheating phase takes place and the cosmic scale factor, averaged over several oscillations, grows like in a matterdominated case
implying also
The decay of the inflaton becomes more and more violent as the Hubble rate decreases up to the scale of Γ. Thus
allows to constrain t reh , that can be naturally thought as the inflaton lifetime τ φ [28]:
Moreover, in this settings, the inflaton energy density solution in Eq. (24) takes the form
while, in the limit of large inflaton lifetime/reheating duration
so that exp(−Γ(t − t end )) ∼ O(1). Then, the radiation energy density reads
where we set α = 5/3 to simplify the notation. The evolution of the inflaton and radiation energy densities during reheating, Eq.(35) and (39), are plotted in Fig.(1) in terms of the dimensionless time variable x = t/t end , with a convenient choice of parameters. The behavior of the radiation energy density function is extremely important because it allows us to estimate two crucial time scales: t max , at which the relativistic energy density ρ r (t) reaches its maximum value, and t reh , at which the reheating is completely realized or, which is the same, the inflaton has just disappeared (or is just to inf as function of the normalized time variable x = t/t end and with k ∼ 10 −1 . The inflaton energy density decreases as t −2 ∼ a −3 up to the scale of t = t reh ∼ Γ −1 where the exponential suppression starts to become dominant. The radiation energy density quickly increases and reaches its top value at the epoch tmax. Then it starts to decrease as t −1 ∼ a −3/2 and after the complete decay of the inflaton sector, the Universe become radiation dominated and radiation will follow the usual Big Bang evolution t −2 ∼ a −4 .
disappear) from the cosmological field spectrum. By the vanishing of the derivative of ρ r (t) in Eq. (39) one finds
, or t max = 8 3
The height of the corresponding global maximum peak ρ r (t max ) can be found by using Eq.(40) and remembering that
The result is [29] ρ r (t max ) ∼ 2 3 8
Alternatively, H end can be connected to the inflationary scale by assuming the approximation ρ(φ end ) ∼ M 4 inf , so that
This expression allows us to compute the initial temperature of the produced hot matter during reheating. In fact, using Eq.(28) we get
where with g E ∼ 100, the prefactor reads ∼ 0.3. The energy density at the end of reheating t reh ∼ τ φ reads ρ r (t reh ) ρ(φ end ) = 2k 3α
Nevertheless, we can employ Eqs. (36) and (41) and we can use t reh ∼ 2Γ −1 /3 to find
It is quite natural to identify the final reheating temperature of the Universe with the scale temperature of the relativistic plasma after thermalization. Thus, from Eqs. (28) and (47) we deduce
So, by assuming g E ∼ 100, the prefactor will be ∼ 0.4. It is crucial to stress how the reheating temperature depends only on the inflaton lifetime τ φ ∼ t reh and not on the scale of the inflationary vacuum energy. In other words, the larger is Γ, the larger is the final reheating temperature and vice-versa. Furthermore, the ratio between the maximum scale and the reheating scale can be computed and reads
and at the same time
In particular, the maximum temperature, can be rewritten in the form (see Kolb and Turner [30] )
We would like to conclude this section observing that the combination of the radiation energy density solution in Eq.(39) and the dependence of ρ r on the temperature in Eq.(28) enables us to explicitly derive the temperature itself as a function of time
The related behavior is plotted in Fig.(2) for a given choice of parameters, where 
IV. THE CAUCHY PROBLEM FOR THE HORIZON ENTROPY
Another interesting aspect that deserves attention is the process of the creation and evolution of the physical entropy. Indeed, the production of entropy accompanies the creation of relativistic matter. The entropy density is defined as
where g S is the number of relativistic degrees of freedom effectively contributing to it
Using Eq.(28), it is possible to express the entropy density also in terms of ρ r (t), getting 
t). (57)
Anyhow, the time dependence of the (properly normalized) entropy density will be
where the dimensionless coefficient s 0 is
However, really interesting is the evolution of the horizon entropy S hor produced during the non adiabatic reheating phase, i.e. the entropy contained within a physical volume V hor subjected to the evolution of the Universe. Operationally, we can define the horizon entropy The entropy density closely follows the behavior of the radiation energy density, as one can expect by definition, while the horizon entropy grows, because the horizon patch grows as well, and takes its final value for t ∼ t reh .
as S hor (t) = V hor (t)s(t).
(60)
Although we already know the evolution of the entropy density s(t), we should suitably specify the form and the time evolution of the horizon volume. To this end, let us suppose that the causal horizon d H (t * ), at the onset of the inflationary epoch t * , be comparable with the size of the Hubble horizon R H (t * ) ∼ H −1 * , so that [30] 
Then, the initial value of the horizon volume would be
This volume violently inflates during the de Sitter-like expansion and, it continues to grow under the milder reheating expansion. From this point of view, the horizon volume size at some time t > t end is just (63) that we can also write in the form
where the "inflated" volume at the epoch t end comes out to be
and N is the number of inflationary e-folds, i.e. the number of exponential expansions during inflation. This arguments allow us to state that
or
. (67) We show the evolution of both the entropy density and the horizon entropy in Fig.(3) . It should be noticed that the horizon entropy grows in time because the volume of our Universe's patch grows as a 3 . The dominant behavior, related to the t 5/4 factor, drives the growth until the end of the reheating, when the entropy stabilizes at some final value, as we are going to discuss [10, 30] . The described behavior of the entropy is crucial. Indeed, the reheating phase is the natural place where dilution of relics produced in the early universe must take place, together with baryogenesis. In this respect, it is very interesting to get an idea about the order of magnitude of the entropy at the t max and t reh epochs. To this end, note that Eq.(57) provides
In the limit of instantaneous reheating the evolution for times t > t end is suppressed, so it is straightforward to show that
Nevertheless, by remembering the scale factor evolution in Eq.(31), the relations among t max and t end in Eq.(40) and the amplitude of ρ r (t max ) given by Eq.(44), we get (with g S ∼ 100)
while the final rehating value will be
in such a way that
The ratio in Eq.(72) depends on the quantity M inf / √ Γ but at the same time is suppressed by the reduced Planck mass. It suggests that we cannot expect a huge entropy amplification between t max and t reh . In addition, we should note that the final horizon entropy depends on the inflationary scale because the evolution factor (a(t)/a(t end )) 3 does depend on it.
V. THE CAUCHY PROBLEM FOR THE GENERALIZED INFLATON FLUID
In the previous sections, we have seen that in the reheating phase a simple description of the inflaton decay mechanism can be given using a perfect fluid with an Equation-of-State parameter w vanishing, as proper of the vacuum. However, we expect that the actual mechanism would be generically more complicated leading, for instance, to an effective description in terms of an EoS parameter that can be slightly or significantly different from the w = 0 case. Scenarios of this kind are also quite naturally emerging for instance, from String Theory. Typically, in quantum field theory (QFT), it is difficult to have an effective potential involving powers φ n of the fields with n > 4. On the other hand, one needs to exit from a pre-existing inflationary stage characterized by n ∼ 0 (although for a very short time). To be conservative, we may assume also n > 1, in such a way that a reasonable range of w can be
Of course, the physics at very high energy scales (larger than TeV scales) is almost unknown and nothing prevents us from having scalar field configurations that allow for larger n or from additional effects mimicking analogous results for a wider range of w values. In recent years, several attempts have been done in order to analyse the effects of the EoS of the inflaton and in general of the "reheating fluid" in specific models of inflation (see, for example, [20] ). Furthermore, the effective potential around the vacuum state could differ by a timeindependent scalar function [10] . For instance, the form of the potential could change because of peculiar couplings of the inflaton to other bosonic and/or fermionic fields. In this respect, the integer γ could acquire a time dependence reflecting itself into a time dependence of the resulting EoS parameter w = w(t). In this section, however, we only consider to probe a (mean) constant value w for the inflaton condensate to slightly generalize the previous, quite standard and simplified, analysis. A generic value of w can enter the game in terms of a γ = 1 + w factor within the Cauchy problem in the form
The source term γΓρ φ unavoidably implies a modified dynamics [9] . The energy density turns out to be 
while the relativistic matter density results
If the reheating is instantaneous, the two quantities in Eq. (75) and (76) 
until the condition H ∼ Γ is satisfied. It happens when time is equal to
Formally, the energy density of the scalar sector is given by Eq.(35) of Sec. III. On the other hand, in the limit of large inflaton lifetime (or long reheating phase)
we get an energy density for the radiation that can be written in the same form of Eq. (39), although now the α parameter
depends on γ. The previous equations allow us to determine the four fundamental quantities ρ r (t max ), T max , ρ r (t reh ) and T reh , that we are going to analyse. By following the same standard recipe of Sec.III to find the global peak, we vanish the time derivative of ρ r (t) that provides
(82) telling us that the peak gets shifted at larger times as γ or w increases. For instance
By using Eq.(82) and Eq.(78) and with the help of
we find ρ r (t max ) ∼ 2 3γ 8
As in Sec.III, we can conveniently express it in terms of the inflationary scale
corresponding to a temperature
The most important datum is, however, the reheating scale. In the limit t end /t reh ≪ 1 we find
that generalizes the result of Eq.(47) corresponding to the case γ = 1. The reheating temperature results to be
Both the ratio of the energy densities
and the ratio of the temperature scales
can be given again in terms of
that acquires a γ-dependence with respect to the one in Eq. (51). In Fig.(4) we show the behavior of the temperature scales as function of the EoS parameter w. It should be noticed that the ratios can be obtained by those of Eqs. (49) and (50) in Sec.III by substituting the numerical factors with the more general prefactor p(γ). The behavior of the temperature and of the entropy density can be formally given by Eq.(53), (58), with the proviso that, now, we have α = α(γ) and therefore also the coefficients T 0 and s 0 depend on γ. In particular, they turn out as increasing function of the EoS parameter w. Moreover, by combining the general definition of Eq.(64) with the general cosmological scaling of Eq.(74), the (normalized) horizon entropy evolution can be found to be
The dominant scaling behavior is given by ∼ t It is interesting to observe that the value of the horizon entropy at the epoch t max
coincides with the one of a pure matter-dominated reheating. It means that the behavior of entropy, in an interval around t max of the decay of the inflaton coherent state, basically does not depend upon the value of the EoS parameter w. As the Universe evolution approaches the end of the reheating epoch, one has a stabilization of the entropy at a value given by 
VI. CONCLUDING REMARKS
In this paper, we have applied a pure perturbative conversion mechanism of the energy density of the inflaton field to the energy density of the (Standard Model) relativistic degrees of freedom in the reheating phase of the Universe, using the perfect fluid (out-of-equilibrium) formalism. In particular, we have extended the standard analysis of a pressure-less fluid to the case of a general EoS parameter w = 0. We have analysed the time evolution of the energy densities and of the physical entropy (in our inflated Universe's patch) during the reheating stage. The maximum energy density scale and the maximum temperature reached by the relativistic matter are those in Eq.(86) and Eq.(87), while the energy density and the temperature at the end of reheating appear in Eq.(88) and (89). In general, the reheating temperature depends on the source term in the equation of motion, related to the inflaton decay rate (or inflaton lifetime) and has nothing to do with the peculiar features of slow roll dynamics, for instance with the vacuum energy that drives inflation, M inf , or with the scalar field excursion. The reheating temperature, Eq.(89), determines the energy scale at which the thermalization process, due to continuous scatterings within the plasma of the relativistic matter, provides the conditions for the grateful exit, namely for the beginning of the standard Friedmann radiation dominated era. However, such energy scale may be sensitive to many effects, not only in the context of an additional non-perturbative preheating stage [18] [19] [20] [21] [22] [23] but also in the context of the pure perturbative scenarios. For example, the reheating temperature would be very sensitive to the full spectrum of inflaton decay products [31] , or could be sensitive to the plasma masses acquired by the inflaton decay products [32] . More recently, it has been shown that thermalization can also end much later than the completion of the inflaton decay and the beginning of the radiation dominance. In this case, the "effective" reheating scale T eff reh , could fall well within the radiation epoch and, consequently, could be much lower than the standard prediction in Eq.(89), with T eff reh ≪ T reh [33] . 
